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We present a new multitrace matrix model, which is a generalization of the real quartic one matrix 
model, exhibiting dynamical emergence of a fuzzy two-sphere and its non-commutative gauge theory. 
This provides a novel and a much simpler alternative to Connes non-commutative geometry and to 
the IKKT matrix model for emergent geometry in two dimensions. However, in higher dimensions this 
mechanism is not known to exist and the systematic frameworks of NCG and IKKT are expected to hold 
sway.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.The real quartic multitrace model [1]
V0 = BTrM2 + CTrM4, (1)
has two stables phases: i) the disordered (symmetric one-cut) 
phase and ii) the non-uniform ordered (two-cut) phase with the 
transition being identiﬁed of third order. The uniform ordered 
(Ising asymmetric one-cut) phase is metastable in this theory [2]. 
It was discovered in [23,24] that the Ising phase becomes sta-
ble if we add to V0, with a particular choice of the parameters 
D, B ′, C ′, D ′, A′ . . . , the quartic multitrace model
V1 = D(TrM2)2 + B ′(TrM)2 + C ′TrMTrM3
+ D ′(TrM)4 + A′TrM2(TrM)2 + .... (2)
These are the most general terms consistent with the multitrace 
expansion of the kinetic term of non-commutative 4 theory at 
quartic order. For example, the coeﬃcients on the fuzzy sphere 
[6,7] were calculated in [3,4] and on the fuzzy disc [8] were cal-
culated in [5]. This quartic multitrace matrix model does not ex-
hibit the Ising phase seen in the original noncommutative 4 and 
thus one needs to go to higher order multitrace corrections of the 
model in order to generate the uniform ordered phase [23].
A natural question then arises: What is the minimal modiﬁca-
tion of the quartic matrix model (1), by the addition of multitrace 
terms which are quartic at most such as in (2), which leads to a 
stable Ising uniform ordered phase?
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SCOAP3.A set of parameters which gives a stable Ising phase was deter-
mined in [23], mistakenly identiﬁed in [3] as the quartic multitrace 
correction of noncommutative 4, to be given by
D = 3N
4
, B ′ =
√
N
2
, C ′ = −N , D ′ = 0 , A′ = 0. (3)
This can be explicitly veriﬁed by computing the critical exponents 
across the Ising transition line and the Wigner semi-circle law near 
in the perturbative regime by means of Monte Carlo [23]. The crit-
ical exponents are found to be consistent with the Onsager values 
[9] suggesting that the dimension of the underlying space is two 
and that the above matrix model in this phase is in the Ising uni-
versality class. The Wigner semi-circle law is determined by the 
free propagator and thus by the metric aspects of the underlying 
space [15–18]. The operator TrMTrM3 is the crucial ingredient in 
stabilizing the Ising phase. Indeed, given hindsight, a simpler set of 
parameters is given simply by C ′ = −N while setting all the other 
parameters to zero.
To get a ﬂavor of the various phases present in the quantum 
theory it is suﬃcient to consider the phase structure associated 
with the minima of the classical potential.
The conﬁguration M = a12N , for our case (3), is a solution of 
the classical equation of motion iff
a = 0(disordered),
a2 = − B˜ + 1√
N(2C˜ − 1) (uniform ordered). (4)
The large N scaling of the various coupling constants is given byle under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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N3/2
, C˜ = C
N2
. (5)
Stability requires that B˜ ≤ −1 and C˜ ≥ 1/2. The conﬁguration M =
aγ where γ 2 = 1 with γ containing an equal numbers of +1 and 
−1 is also a solution iff
a2 = − B˜√
N(2C˜ + 3) (non uniform ordered). (6)
By substituting the conﬁgurations M = a12N and M = aγ in the 
Schwinger–Dyson identity (with V = V0 + V1)1
< V >
N2
= 1
4
+ B
2
< TrM2 >
N2
+ B
′
2
< (TrM)2 >
N2
, (7)
we obtain the energies E1 and E2 in the two phases. It is not 
diﬃcult to show that E1 ≤ E2 iff (recall that B˜ + 1 ≤ 0, 2C˜ − 1 ≥ 0)
B˜ + 1 ≤ −2C˜ − 1
4
. (8)
This result is conﬁrmed non-perturbatively using Monte Carlo sim-
ulation of the eigenvalue problem corresponding to the diagonal-
ization of the quartic multitrace matrix model V = V0 + V1. Thus, 
there exists a region in the phase diagram in which the uniform 
ordered conﬁguration is more stable than the disordered and the 
non-uniform ordered conﬁgurations [23,24].
The partition function of the theory is given by
Z =
∫
DM exp(−V [M]). (9)
We will assume now that the matrix M is 2N × 2N . Then, without 
any loss of generality, we can expand the matrix M as
M = M012N + M1 , TrM1 = 0. (10)
Hence
M1 = σa Xa , M0 = a +m, (11)
where σa are the standard Pauli matrices, m is the ﬂuctuation in 
the zero mode, and Xa are three hermitian N × N matrices. By 
substitution, we obtain immediately the model
Z =
∫
DXa exp(−V [X]))
∫
dm exp(− f [m]). (12)
The potential V is given now by the SO(3)-symmetric three matrix 
model
V = −CTr[Xa, Xb]2 + 2CTr(X2a )2 + 4D(TrX2a )2
+ 2(B + β0a2)TrX2a + 2iaγ abcTrXa Xb Xc. (13)
The new coeﬃcients β0 and γ are given below.
We observe that the Chern–Simons term is proportional to the 
value a of the order parameter. Thus, it is non-zero only in the 
Ising phase, and as a consequence, by tuning the parameters ap-
propriately to the region in the phase diagram where the Ising 
phase exists, we will induce a non-zero value for the Chern–
Simons. This is effectively the Myers term responsible for the 
condensation of the geometry [10,11]. The above multitrace three 
matrix model is then precisely a random matrix theory describ-
ing non-commutative gauge theory on the fuzzy sphere, where the 
ﬁrst term is the Yang–Mills piece, whereas the second and fourth 
1 This Schwinger–Dyson identity is an exact statement about the model derived 
from the invariance of the partition function (path integral) under the translation 
M −→ M + M in the space of conﬁgurations.terms combine to give mass and linear terms for the normal scalar 
ﬁeld on the sphere (recall that a runs from 1 to 3). The third dou-
bletrace term, proportional to D , depends only on the zero mode 
of the normal scalar ﬁeld. Thus, it is not expected to play a ma-
jor role in our discussion here. If we simply set D = 0 then we get 
essentially the random matrix theory describing non-commutative 
gauge theory on the fuzzy sphere found in [19] (notice that the 
parameter C appears in front of the Yang–Mills as well as in front 
of the normal mass term and thus can be scaled away). This the-
ory itself is a generalization of the stringy non-commutative gauge 
theory on the fuzzy sphere considered in [12–14].
Furthermore, we have shown recently in [22] that the above 
model with D = 0 sustains an absolutely stable emergent fuzzy 
two-sphere geometry, and as a consequence, the expansion around 
this emergent geometry to obtain a non-commutative gauge the-
ory is fully consistent for all values of the gauge coupling constant. 
In other words, there is no phase transition to a Yang–Mills ma-
trix phase at a ﬁnite value of the gauge coupling constant. This is 
expected to hold also for D = 0.
However, we should emphasis here that we have obtained dy-
namically this slightly generalized version of non-commutative 
gauge theory on the fuzzy sphere by going to the phase of the 
model where a non-zero uniform order persists, and then by ex-
panding around this order, we secure a non-zero Chern–Simons 
term crucial for the underlying emergent geometry of the fuzzy 
sphere. Recall that in [19], this was achieved by constraining the 
matrix M directly in a particular way.
What is the effect of the zero mode m?
The potential f in (12) of the zero mode m is given by
f = [2iγ abcTrXa Xb Xc + 4αa3 + 4β0aTrX2a + 2aβ1]m
+ [2β0TrX2a + β1 + 6αa2]m2 + 4αam3 + αm4. (14)
The various new coeﬃcients, for our case (3), are given by
β0 = 3N2(2C˜ − 1) , β1 = 2N5/2(B˜ + 1)
α = N3(2C˜ − 1) , γ = 2N2(2C˜ − 1). (15)
The integration over m can be done. The next leading contribu-
tion in the large N limit is essentially the one-loop result and it 
is by construction subleading compared to (13). This integral con-
sists of some function of TrX2a and iabcTrXa Xb Xc . The conclusion 
of the foregoing discussion remains practically unchanged with the 
addition of these multitrace corrections.
Thus, the multitrace one matrix model (2), which involves only 
a single hermitian matrix M with U (2N) symmetry, and which 
exhibits a uniform order for some values of the mass parameter 
B and the quartic coupling constant C , provides a new mech-
anism for emergent fuzzy two-sphere and its non-commutative 
gauge theory. Indeed, by expanding around the uniform order, and 
then performing the integral over the zero mode m, it is seen 
that the resulting theory given by the mostly (since D = 0) single 
trace SO(3)-symmetric three matrix model (13), plus the multi-
trace corrections induced by the integral over m, is a matrix model 
describing a non-commutative gauge theory on the fuzzy sphere. 
The multitrace corrections are all subleading in N , with the ex-
ception of the term (TrX2a )
2 in the model (13), and they depend 
generically on the mass deformations TrX2a and iabcTrXa Xb Xc .
The model (13) with D = 0 has been shown in [22] to sustain 
an absolutely stable emergent fuzzy sphere with ﬂuctuation given 
by a non-commutative U (1) gauge theory very weakly coupled to 
a scalar ﬁeld (playing the role of dark energy). In the full multi-
trace model there exists always the possibility of a phase transition 
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which occurs at some ﬁnite value of the gauge coupling constant. 
However, this is not expected since (TrX2a )
2 depends only on the 
zero mode of the normal scalar ﬁeld while all other multitrace 
corrections are subleading in N . In other words, the full multitrace 
matrix model is also expected to sustain an absolutely stable emer-
gent fuzzy sphere with ﬂuctuation given by a slightly generalized 
non-commutative U (1) gauge theory coupled to a scalar ﬁeld.
In summary, the multitrace matrix model (2) gives a novel and 
a much simpler alternative to Connes noncommutative geometry 
[20] and to the IKKT matrix model [21] for emergent geometry 
in two dimensions. However, we stress here that this mechanism 
seems to work only in the special case of two dimensions and as 
such it can not be a replacement of the more systematic frame-
works of NCG and IKKT.
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2 In Yang–Mills matrix models with a non-zero Chern–Simons term there exists 
typically a phase transition from the fuzzy sphere phase to a Yang–Mills matrix 
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